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DANIELEWSKI-FIESELER SURFACES
ADRIEN DUBOULOZ
Abstrat. We study a lass of normal ane surfaes with additive group
ations whih ontains in partiular the Danielewski surfaes in A3 given by the
equations xnz = P (y), where P is a nononstant polynomial with simple roots.
We all them Danielewski-Fieseler Surfaes. We reinterpret a onstrution of
Fieseler [7℄ to show that these surfaes appear as the total spaes of ertain
torsors under a line bundle over a urve with an r-fold point. We lassify
Danielewski-Fieseler surfaes through labelled rooted trees attahed to suh a
surfae in a anonial way. Finally, we haraterize those surfaes whih have
a trivial Makar-Limanov invariant in terms of the assoiated trees.
Introdution
The surfaes Sj =
{
xjz = y2 + 1
}
, j ≥ 1, in C3 = Spe (C [x, y, z]) admit free
ations of the additive group Ga,C indued by the loally nilpotent derivations
∂j = x
j∂y + 2y∂z of C [x, y, z] respetively. Danielewski [4℄ observed that the as-
soiated quotient morphism π : Sj → Sj//Ga,C ≃ Spe (C [x]) is an A
1
-bration
whih fators throught an A1-bundle ρ : Sj → X over the ane line with a double
origin δ : X → Spe (C [x]). Indeed, Sj is obtained as the gluing of two opies
Spe (C [x] [Ti]) of C
2
, i = 1, 2, over C∗×C by means of the C [x]x-algebras isomor-
phisms C [x]x [T1]
∼
→ C [x]x [T2], T1 7→ 2x
−j + T2. This interpretation was further
generalized by Fieseler [7℄ to desribe ertain invariant neighbourhoods of the bers
of a quotient A1-bration π : S → Z assoiated with a nontrivial ation of Ga,C on
a normal ane surfae S. More preisely, he established that if a ber π−1 (z0) is
redued then the indued morphism p2 : S ×Z Spe (OZ,z0)→ Spe (OZ,z0), where
OZ,z0 denotes the loal ring of z0 ∈ Z, fators through an A
1
-bundle ρ : S → X
over the sheme X obtained from Spe (OZ,z0) by replaing z0 by as many points as
there are onneted omponents in π−1 (z0). More generally, given a eld k of ar-
ateristi zero and a pair (X = Spe (A) , x0 = div (x)), where A is either disrete
valuation ring with uniformizing parameter x and residue eld k or of a polynomial
ring A = k [x], the same desription holds for the following lass of surfaes.
Denition 0.1. A Danielewski-Fieseler surfae with base (A, x) (A DFS, for short)
is an integral ane X-sheme π : S → X of nite type, restriting to a trivial line
bundle over X∗ = X \ {x0}, and suh that π
−1 (x0) is nonempty and redued,
onsisting of a disjoint union of urves isomorphi to ane line A1k.
In this paper, we give a ombinatorial desription of DFS's in terms of (A, x)-
labelled rooted trees, that is, pairs γ = (Γ, σ) onsisting of a rooted tree Γ and a
ohain σ ∈ An, indexed by the terminal elements of Γ, satisfying ertain onditions
with respet to the geometry of Γ (see (1.5) below). Then, as an appliation, we
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haraterize the DFS's with base (k [x] , x) whih have a trivial Makar-Limanov
invariant [10℄.
The paper is divided as follows. In setion 1, we ollet some preliminary results
on labelled rooted trees. In setion 2, we reinterpret the 'oyle onstrution' of
Fieseler [7℄ to desribe DFS's as torsors under ertain line bundles on a nonseparated
sheme. In setion 3, we assoiate to every labelled tree γ, a DFS πγ : S (γ) → X
whih omes equipped with a anonial birational X-morphism ψγ : S (γ) → A
1
X .
For instane, given a polynomial P ∈ k [y] with simple roots y1, . . . , yn ∈ k, the
Danielewski-Fieseler surfae with base (k [x] , x)
π : SP,m = Spe (k [x, y, z] / (x
mz − P (y))) −→ X = Spe (k [x]) ,
equipped with the morphism pry : SP,m → A
1
X = Spe (k [x] [y]) orresponds to the
following labelled tree γP,m = (Γm,n, σ).
Γm,n =
m
n σ = {yi}i=1,...,n ∈ k [x]
n
In Theorem (3.2), we establish that the ategory
−→
D(A,x) of DFS's with base (A, x)
equipped with ertain birational morphisms as above and the ategory T(A,x) of
(A, x)-labelled trees are equivalent. Then, in Theorem (3.10), we lassify these
DFS's up to X-isomorphisms in terms of the orresponding trees. In setion 4, we
deompose birational X-morphisms between two DFS's into a suession of simple
ane modiations [11℄, whih we all bered modiations (Theorem 4.5). This
leads to a anonial proedure for onstruting embeddings of a DFS π : S → X
into a projetive X-sheme π¯ : S¯ → X (Proposition 4.7). Setion 5 is devoted to
the study of DFS's with base (k [x] , x), whih we all simply Danielewski surfaes.
We reall that the Makar-Limanov invariant [10℄ of an ane variety V/k is dened
as the intersetion in Γ (V,OV ) of all the invariant rings of Ga,k-ations on V .
Makar-Limanov [12℄ and [13℄ established that a surfae SP,m ≃ S (γP,m) as above
has trivial Makar-Limanov invariant ML (SP,m) = k if and only if m = 1 and
deg (P ) ≥ 1. More generally, in ase that k = k¯ is algebraially losed, we give the
following haraterization (Theorem 5.4).
Theorem 0.2. A Danielewski surfae S (γ) has a trivial Makar-Limanov invariant
if and only if γ is a omb, i.e a labelled tree γ = (Γ, σ) with the property that all but
at most one of the diret desendants of a given e ∈ Γ are terminal elements of Γ.
Finally, we obtain the following desription of normal ane surfaes with a trivial
Makar-Limanov invariant, whih generalizes previous results obtained by Daigle-
Russell [3℄ and Miyanishi-Masuda [14℄ for the partiular ase of log Q-homology
planes (Theorem 5.9).
Theorem 0.3. Every normal ane surfae S/k¯ with a trivial Makar-Limanov
invariant is isomorphi to a yli quotient of a Danielewski surfae.
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1. Preliminaries on rooted trees
Here we give some results on rooted trees and labelled rooted trees whih will be
used in the following setions.
Basi fats on rooted trees. Let (G,≤) be a nonempty, nite, partially ordered
set (a poset, for short). A totally ordered subset C ⊂ G is alled a subhain of length
l (C) = Card (C)− 1. A subhain of maximal length is alled a maximal subhain.
For every e ∈ G, we let (↑ e)G = {e
′ ∈ G, e′ ≥ e} and (↓ e)G = {e
′ ∈ G, e′ ≤ e}.
The edges E (G) of G are the subsets
−→
ee′ = {e′ < e} of G with two elements suh
that (↑ e′)G ∩ (↓ e)G =
−→
ee′.
Denition 1.1. A (rooted) tree Γ is poset with a unique minimal element e0 alled
the root, and suh that (↓ e)Γ is a hain for every e ∈ Γ. A (rooted) subtree of Γ is
a sub-poset Γ′ ⊂ Γ whih is a rooted tree for the indued order. We say that Γ′ is
maximal if there exists e′ ∈ Γ suh that Γ′ = (↑ e′)Γ.
1.2. An element e ∈ Γ suh that l (↓ e)Γ = m is said to be at level m. The maximal
elements ei = ei,mi , where mi = l (↓ ei)Γ, of Γ are alled the leaves of Γ. We denote
the set of those elements by L (Γ). The orresponding subhains
(1) (↓ ei,mi)Γ = {ei,0 = e0 < ei,1 < · · · < ei,mi−1 < ei,mi = ei} , i = 1, . . . , n.
are the maximal subhains of Γ. We say that Γ has height h (Γ) = max (mi). The
rst ommon anestor of two element e, e′ ∈ Γ\ {e0} is the maximal element of the
hain ((↓ e)Γ \ {e})∩ ((↓ e
′)Γ \ {e
′}). The hildren of e ∈ Γ \L (Γ) are the minimal
elements of (↑ e)Γ \ {e}. We denote the set of those elements by ChΓ (e).
e0 e
e2,4
e3,4
e4,4e1,3
(↑ e)
Γ
(↓ e)
Γ
Figure 1. A tree Γ rooted in e0.
Denition 1.3. A morphism of (rooted) trees is an order-preserving map τ : Γ′ →
Γ satisfying the following properties:
a) The image of a maximal hain of Γ′ by τ is a maximal hain of Γ.
b) For every e′ ∈ Γ′, τ−1 (τ (e′)) is either e′ itself or a maximal subtree of Γ′.
Injetive and bijetive morphisms are referred to as embeddings and isomorphisms
respetively.
1.4. This denition implies that for every leaf e′i,m′i
of Γ′ at level m′i, τ
(
e′i,m′i
)
is
a leaf ej(i),mj(i) of Γ at level mj(i) ≤ m
′
i, suh that τ
(
e′i,k
)
= ej(i),min(k,mj(i)) for
every k = 0, . . . ,m′i (see (1) for the notation).
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Labelled rooted trees. In this subsetion, we x a pair (A, x) onsisting of a
domain A and an element x ∈ A \ {0}.
Denition 1.5. An (A, x)-labelled tree is a pair γ = (Γ, σ) onsisting of a a tree
Γ with the leaves e1,m1, . . . , en,mn and a ohain σ = {σi}i=1,...,n ∈ A
n
suh that
σj − σi ∈ x
dijA \ xdij+1A whenever the rst ommon anestor of ei,mi and ej,mj
is at level dij < min (mi,mj). A ohain σ with this this property is said to be
Γ-ompatible.
A morphism of (A, x)-labelled trees τ : (Γ′, σ′) → (Γ, σ) is a morphism of trees
τ : Γ′ → Γ suh that if ej(i),mj(i) ∈ L (Γ) is the image of a leaf e
′
i,m′i
∈ L (Γ′) by τ ,
then σi − σj(i) ∈ x
mj(i)A.
The ategory of (A, x)-labelled just dened is denoted by T(A,x).
Example 1.6. Every isomorphism lass of (k [x] , x)-labelled trees ontains a tree
γ = (Γ, σ) with the leaves e1,m1 , . . . , en,mn , suh that σi =
∑mi−1
j=0 wi,jx
j ∈ k [x]
is a polynomial of degree < mi for every i = 1, . . . , n. In turn, this ohain σ is
uniquely determined by the hoie of a weight funtion
wσ : E (Γ) −→ k,
−−−−−−→ei,j+1ei,j 7→ wσ (
−−−−−−→ei,j+1ei,j) = wi,j
with the property that wσ
(−→
e′e
)
6= wσ
(−→
e′′e
)
whenever e′ and e′′ are hildren of the
same e ∈ Γ. A tree Γ equipped with suh a funtion w is referred to as a ne k-
weighted tree. A morphism of trees τ : Γ′ → Γ gives rise to a morphism of (k [x] , x)-
labelled τ : (Γ′, σ′) → (Γ, σ) if and only if wσ
(−−−−−−−→
τ (e) τ (e′)
)
= wσ′
(−→
ee′
)
whenever
τ (e) 6= τ (e′). If it is the ase, then we say that τ is a morphism of ne k-weighted
trees. In this way, we obtain a bijetion between morphisms of (A, x)-labelled trees
and morphisms of ne k-weighted trees. We onlude that the ategories T(k[x],x)
of (k [x] , x)-labelled trees and T kw of ne k-weighted trees are equivalent.
Gluing trees. Intuitively, (A, x)-labelled trees are onstruted by gluing (A, x)-
labelled hains. Similarly, a morphism τ : γ′ → γ of (A, x)-labelled trees is uniquely
determined by its values on maximal subhains of γ′. More preisely, we have the
following results.
Proposition 1.7. Suppose that (n,m, d, σ) is a data onsisting of an integer n ≥ 1,
a multi-index m = (m1, . . . ,mn) ∈ Z
n
>0, a matrix d = (dij)i,j=1,...,n ∈ Matn (Z≥0)
and a ohain σ = {σi}i=1,...,n ∈ A
n
with the following properties.
1) For every i 6= j , dij = dji < min (mi,mj) .
2) For every triple i, j, k, min (dij , dik) = min (dji, djk).
3) For every i 6= j, σj − σi ∈ x
dijA \ xdij+1A.
Then there exists a tree Γ, unique up to a unique isomorphism, with the root e0 and
the leaves ei at levels mi, i = 1, . . . , n, suh that σ is Γ-ompatible.
Proof. Up to an isomorphism, γi = (Ci = {ei,0 < ei,1 < · · · < ei,mi} , σi) is the
unique hain of height mi ≥ 1 suh that σi is Ci-ompatible. For every i 6= j,
we let Cij =
(
↓ ei,dij
)
Ci
⊂ Ci. Condition (2) guarantees that there exist isomor-
phisms of hains φij : Cij
∼
→ Cij suh that φij (Cij ∩Cik) = Cji ∩ Cjk for every
triple i, j, k, and suh that the oyle ondition φik = φjk◦φij holds on on Cij∩Cik.
Moreover, (1) implies that for every i = 1, . . . , n, ei,0 belongs to Cij whereas ei,mi
does not. Therefore, the quotient poset Γ =
⊔n
i=1 Ci/ (Cij ∋ ei,k ∼ φij (ej,k) ∈ Cji)
is a tree rooted in the ommon image e0 = ei,0 of the roots ei,0 of the hains Ci,
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and with the leaves ei = ei,mi at level mi, i = 1, . . . , n . Finally, (3) means exatly
that σ is Γ-ompatible. This ompletes the proof. 
Proposition 1.8. Let γ = (Γ, σ) and γ′ = (Γ′, σ′) be two (A, x)-labelled trees.
Suppose we are given a olletion of morphisms of (A, x)-labelled trees
τi : γ
′
i = (Γ
′
i, σ
′
i) = ((↓ e
′
i)Γ′ , σ
′
i) −→ γ, where L (Γ
′) = {e′1, . . . , e
′
n′} ,
restriting to a same morphism of trees τij = τji : Γ
′
i ∩ Γ
′
j → τi (Γ
′
i) ∩ τj
(
Γ′j
)
for
every i 6= j. Then there exists a unique morphism of (A, x)-labelled trees τ : γ′ → γ
suh that τ |γ′
i
= τi for every i = 1, . . . , n
′
.
Proof. The onditions guarantee that there exists a unique order-preserving map
τ : Γ′ → Γ suh that τ |Γ′i= τi, and suh that the preimage τ
−1 (e) of a given
e ∈ τ (Γ′) is the maximal subtree of Γ′ rooted in the unique minimal element of
τ−1 (e). Thus τ is a morphism of trees ompatible with the ohains σ′ and σ in
the sense (1.5), whene a morphism of (A, x)-labelled trees. 
Blow-downs of trees. By denition, (see (1.5)), A morphism of trees τ : Γ′ → Γ
fators through the retration of a olletion of maximal subtrees of Γ′, followed by
an embedding. Therefore, for every element e ∈ Γ′ \ L (Γ′) suh that ChΓ′ (e) ⊂
L (Γ′), the image of the subtree Γ′e = (↑ e)Γ′ of Γ
′
is either a subtree τ (Γ′e) of Γ
isomorphi to Γ′e or the unique element τ (e) ∈ L (Γ). In the seond ase, τ fators
through the morphism of trees
τe : Γ
′ −→ Γ′ \ChΓ′ (e) e
′ 7→
{
e′ if e′ ∈ Γ′ \ ChΓ′ (e)
e if e′ ∈ ChΓ′ (e)
Denition 1.9. Let γ = (Γ, σ) be an (A, x)-labelled tree, and let e ∈ Γ \ L (Γ)
be an element suh that ChΓ (e) ⊂ L (Γ). A blow-down of the leaves at e is an
(A, x)-labelled tree γˆ (e) =
(
Γˆ (e) , σˆ (e)
)
with underlying tree Γˆ (e) = Γ \ ChΓ (e)
for whih the morphism of trees τe above is a morphism of (A, x)-labelled trees
τe : γ → γˆ (e). Sine two labelled trees γˆ (e) with this property are isomorphi, the
morphism τe itself will be usually referred to as the blow-down of the leaves at e.
As a onsequene of the above disussion, we obtain the following desription.
Proposition 1.10. A morphism of (A, x)-labelled trees fators into a sequene of
blow-downs of leaves followed by an embedding.
Equivalene of labelled trees. An (A, x)-labelled tree γ = (Γ, σ) rooted in e0
is alled essential if Card (ChildΓ (e0)) 6= 1. The essential subtree Es (Γ) of a given
tree Γ is the maximal subtree of Γ rooted either in the unique leaf of Γ if Γ is a hain,
or in the rst ommon anestor e˜0 of the leaves of Γ otherwise. For instane, the tree
Γ of Figure 1 above is not essential, and its essential rooted subtree is the maximal
subtree (↑ e)Γ of Γ rooted in e. If an (A, x)-labelled tree γ = (Γ, σ) is not essential
then there exists c ∈ A and an Es (Γ)-ompatible ohain Es (σ) = {σ˜i}i=1,...,n ∈ A
n
suh that σi = c+ x
mσ˜i for every i = 1, . . . , n, where m denotes the height of the
root e˜0 of the essential subtree Es (Γ) of Γ. A ohain Es (σ) with this property is
alled an essential ohain for γ, and we say that Es (γ) = (Es (Γ) ,Es (σ)) is an
essential labelled subtree for γ.
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Denition 1.11. We say that two (A, x)-labelled trees γ = (Γ, σ) and γ′ = (Γ′, σ′)
are equivalent if there exist essential ohains Es (σ) and Es (σ′) for γ and γ′ re-
spetively, an isomorphism of trees τ : Es (Γ′)
∼
→ Es (Γ) and a pair (a, b) ∈ A∗ ×A
suh that
aEs (σ′)i − Es (σ)j(i) + b ∈ x
mj(i)A
whenever ej(i),mj(i) ∈ L (Es (Γ)) is the image of e
′
i,m′i
∈ L (Es (Γ′)) by τ .
Example 1.12. By denition, two essential ohains for a given labelled tree γ
dier by the addition of a onstant b ∈ A. Therefore, the essential labelled subtrees
for γ are all equivalent in the sense of denition (1.11).
2. Danielewski-Fieseler surfaes as fiber bundles
To x the notation, we let k be a eld of arateristi zero, and we let (A, x) be
a pair onsisting either of a disrete valuation ring A with uniformizing parameter
x and residue eld k, or a polynomial ring k [x] in one variable x. We let X =
Spe (A), x0 = div (x) ∈ X , and we denote by X∗ = X \ {x0} ≃ Spe (Ax) the
open omplement of x0 in X .
Denition 2.1. A Danielewski-Fieseler surfae (a DFS for short) with base (X, x0)
(or, equivalently, with base (A, x)) is an integral ane X-sheme π : S → X of
nite type suh that S |X∗ is isomorphi to the trivial line bundle A
1
X∗
over X∗ and
suh that the sheme-theoreti ber π−1 (x0) is nonempty and redued, onsisting
of a disjoint union of urves isomorphi to the ane line A1k. A DFS with base
(k [x] , x) is simply referred to as a Danielewski surfae.
A morphism of Danielewski-Fieseler surfaes with base (X, x0) is a birational
X-morphism β : S′ → S restriting to an X∗-isomorphism β∗ : S
′ |X∗
∼
−→ S |X∗ .
Danielewski-Fieseler surfaes together with these morphisms form a sub-ategory
D(A,x) (or D(X,x0)) of the ategory
(
Sh/X
)
of X-shemes.
2.2. The total spae S of DFS π : S → X is a smooth ane surfae over k.
Indeed, X/k is itself ane and smooth, and the loal riterion for atness ([2,
III,5℄) guarantees that π is a faithfully at morphism, whene a smooth morphism
as its geometri bers are regular. Note that in ontrast with general DFS's, a
Danielewski surfae is an ane k-sheme of nite type sine in this ase X ≃ A1k
by denition. In general, an arbitrary A1-bration π : S → A1k on a smooth ane
surfae S does not give rise to a struture of Danielewski surfae on S, but this does
not prevent S from being a Danielewski surfae for another suitable A1-bration.
For instane, the Bandman and Makar-Limanov surfae [1℄ S ⊂ Spe (k [x] [y, z, u])
with equations
xz − y (y − 1) = 0, yu− z2 = 0, xu− (y − 1) z = 0,
equipped with the A1-bration pru : S → Spe (k [u]) is not a Danielewski surfae
with base (k [u] , u). Indeed the ber pr−1u (0) is not redued. However, it is a
Danielewski surfae prx : S → Spe (k [x]) with base (k [x] , x).
Following Fieseler [7℄, DFS's with base (X, x0) an be desribed as ertain A
1
-
bundles ρ : S → Y over a urve δ : Y → X with an n-fold point over x0. In this
setion, we give a new interpretation of Fieseler's 'oyle onstrution'.
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Torsors under a line bundle. Given an invertible sheaf L on a sheme X , the
line bundle
V (L) = Spec (S (L)) = Spec

⊕
n≥0
Ln

 −→ X
is equipped with the struture of a ommutative group sheme for the group law
m : V (L)×X V (L)→ V (L) dened by means of the OX -algebras homomorphism
S (L) −→ S (L) ⊗ S (L) indued by the diagonal homomorphism ∆ : L → L ⊕ L.
For instane, if L = OX then V (L) is simply the additive group sheme Ga,X =
Spec (OX [T ]).
2.3. A sheme π : S → X loally isomorphi to the trivial line bundle A1X is
alled an A1-bundle. If S omes further equipped with an ation of a line bundle
V (L) /X for whih there exists an open overing U = (Xi)i∈I of X suh that S |Xi
is equivariantly isomorphi to V (L) |Xi ating on itself by translations for every
i ∈ I, then we say that S is a V (L)-torsor. We reall [9, XI.4.7℄ that the set of
isomorphism lasses of V (L)-torsors is a group isomorphi to H1 (X,L∨). Indeed,
an automorphism of the symmetriOX -algebra S (L) is equivariant for the o-ation
of S (L) on itself by translations if and only if it is indued by an homomorphism
of OX -modules (g, Id) : L → OX ⊕ L, where g ∈ HomX (L,OX). Therefore, given
a V (L)-torsor π : S → X whih beomes trivial on U , there exists a eh oyle
g = {gij}i,j∈I ∈ C
1 (U ,L∨) suh that S is isomorphi to the sheme W (U ,L, g)
dened as the spetrum of the quasi-oherent OX -algebra obtained by gluing the
symmetri algebras S (L |Xi) over Xij = Xi ∩ Xj by means of the OXij -algebras
isomorphisms S (gij , Id) indued by the OXij -modules homomorphisms (gij , Id) ∈
HomXij
(
L |Xij ,OXij ⊕ L |Xij
)
, i 6= j. The isomorphism lass of W (U ,L, g) is
simply the image in H1 (X,L∨) ≃ Hˇ1 (X,L∨) of the lass [g] ∈ Hˇ1 (U ,L∨) of
g ∈ C1 (U ,L∨).
2.4. If the base sheme X is integral, then every A1-bundle π : S → X admits a
struture of aV (L)-torsor for a suitable invertible sheaf L on X . Indeed, sine X is
integral, the transition isomorphisms τij = τi◦τ
−1
j assoiated with a given olletion
of trivialisations τi : S |Xi
∼
→ Spe (OXi [T ]), i ∈ I, are indued by automorphisms
T 7→ g˜ij + fijT of OXij [T ], where g˜ij ∈ Γ (Xij ,OX) and fij ∈ Γ (Xij ,O
∗
X). For a
triple of indies i 6= j 6= k, the identity τik = τjk ◦ τij over Xi ∩Xj ∩Xk guarantees
that (fij)i,j∈I ∈ C
1 (U ,O∗X) is a eh oyle dening an invertible sheaf L on
X , trivial on U , with isomorphisms φi : L |Xi
∼
→ OXi , i ∈ I. By onstrution,
g =
{
g˜ij · φi |Xij
}
i,j∈I
∈ C1 (U ,L∨) is a eh oyle for whih S is X-isomorphi
to the V (L)-torsor W (U ,L, g).
Shemes with an n-fold divisor. Given a prinipal divisor x0 = div (x) on an
integral sheme X and an integer n ≥ 1, we let δn : X (n) = X (x0, n) → X be
the sheme obtained by gluing n opies di : Xi (n)
∼
→ X of X by the identity over
the open subsets Xi (n)∗ = Xi (n) \ xi (n), where xi (n) = d
−1
i (x0). We denote by
U(n) = (Xi (n))i=1,...,n the anonial open overing of X (n). For every i 6= j, we
let Xij (n) = Xi (n) ∩Xj (n) ≃ X \ {x0}.
Denition 2.5. Given a multi-index µ = (µ1, . . . , µn) ∈ Z
n
, we let
Ln,µ = OX(n) (µ1x1 (n) + . . .+ µnxn (n))
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be sub-OX(n)-module of the onstant sheaf KX(n) of rational funtions on X (n)
generated by (x ◦ δn)
−µi
on Xi (n). The dual sheaf L
∨
n,µ of Ln,µ is isomorphi to
the sheaf Ln,−µ orresponding to the multi-index −µ = (−µ1, . . . ,−µn) ∈ Z
n
. We
denote by sµ the anonial rational setion of Ln,µ orresponding to the onstant
setion 1 ∈ Γ
(
X (n) ,KX(n)
)
.
Danielewski-Fieseler surfaes as torsors. Given a DFS π : S → X with base
(X, x0), we denote by C1, . . . , Cn the onneted omponent of the ber π
−1 (x0).
We let δn : X (n) = X (x0, n) → X be as above, and we let ρn : S → X (n) be
the unique X-morphism suh that π = δn ◦ ρn, and suh that Ci = ρ
−1
n (xi (n)) for
every i = 1, . . . , n.
Proposition 2.6. There exist a multi-index µ = (µ1, . . . , µn,) ∈ Z
n
≥0 suh that
µi = 0 for at least one indie i, and a oyle g ∈ C
1
(
U(n),Ln,µ
)
suh that S is
X (n)-isomorphi to the V (Ln,−µ)-torsor ρn : W
(
U(n),Ln,−µ, g
)
→ X (n).
Proof. Sine X is either the ane line or the spetrum of a disrete valuation
ring, the Piard group Pi (X) is trivial, and so every invertible sheaf on X (n) is
isomorphi to Ln,−µ for a ertain multi-index µ ∈ Z
n
≥0 suh that µi = 0 for at least
one indie i. Moreover, every open subset Xi (n) ≃ X of the overing U(n) is ane.
Therefore, a V (Ln,−µ)-torsor ρ : W → X (n) is isomorphi to W
(
U(n),Ln,−µ, g
)
for a ertain oyle g ∈ C1 (U ,Ln,µ) representing its isomorphism lass c (W ) ∈
H1 (X (n) ,Ln,µ). So, by (2.4), it sues to show that ρn : S → X (n) is an
A1-bundle . This an be done in a similar way as in Lemma 1.2 in [7℄. 
2.7. In view of the orrespondene (2.4) between A1-bundles and V (L)-torsors, a
DFS W
(
U(n),Ln,−µ, g
)
is X-isomorphi to the surfae S =
⊔n
i=1A
1
Xi
/ ∼ obtained
by gluing n opies of A1Xi = Spe (A [Ti]) of A
1
X by means of Ax-algebras isomor-
phisms Ax [Ti]
∼
→ Ax [Tj ], Ti 7→ g˜ij + x
µi−µjTj , where g˜ij := x
µigij ∈ Ax for every
i 6= j. In this way, we reover the oyle onstrution of Fieseler [7℄ .
2.8. A general sheme S = W
(
U(n),Ln,−µ, g
)
is not ane. For instane, if n ≥ 2,
then A1X(n) is not even separated. However, a similar argument as in Proposition
1.4 in [7℄ shows that S is ane if and only if the orresponding transition funtions
g˜ij = x
µigij and g˜ji = −x
µjgij above have a pole in x0 for every i 6= j. This means
equivalently that for every i 6= j, gij ∈ Γ (Xij (n) ,Ln,µ) is not in the image of the
dierential
(resi − resj) : Γ (Xj (n) ,Ln,µ)⊕ Γ (Xi (n) ,Ln,µ)→ Γ (Xij (n) ,Ln,µ) .
In turn, this ondition is satised if and only if for every i 6= j, S |Xi(n)∪Xj(n) is a
nontrivial V (Ln,−µ) |Xi(n)∪Xj(n)-torsor. This leads to the following riterion.
Proposition 2.9. A sheme W
(
U(n),Ln,−µ, g
)
is a DFS if and only if it restrits
to a nontrivial V (Ln,−µ) |U -torsor on every open subset U ≃ X (2) of X.
Morphisms of Danielewski-Fieseler surfaes. Given two DFS's S′ = W
(
U(n′),Ln′,−µ′ , g
′
)
and S′ = W
(
U(n′),Ln′,−µ′ , g
′
)
as in (2.6) and a morphism of DFS's β : S′ → S,
we let α : X (n′)→ X (n) be the unique X-morphism suh that β
(
ρ−1n′ (xi (n
′))
)
⊂
ρ−1n (α (xi (n))) for every i = 1, . . . , n
′
. We denote by g¯ ∈ C1
(
U(n′), α
∗Ln,µ
)
the
image of α∗g ∈ C1
(
α−1
(
U(n)
)
, α∗Ln,µ
)
by the restrition maps between eh
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omplexes. We obtain a fatorization β = prS ◦ β
′
S′
β′
//
ρn′

S˜ = S ×X(n) X (n
′) ≃W
(
U(n′), α
∗Ln,−µ, g¯
) prS
//
p2

S
ρn

X (n′) X (n′)
α
// X (n)
where β′ is an X (n′)-morphism restriting an isomorphism over δ−1n′ (x0). This is
the ase if and only if the homomorphisms S (α∗Ln,−µ) |Xi(n′)→ S (Ln′,−µ′) |Xi(n′)
orresponding to the restritions β′i : S
′ |Xi(n′)→ S˜ |Xi(n′) of β
′
are indued by
OXi -modules homomorphisms (ci, ζi) : α
∗Ln,−µ |Xi(n′)→ OXi(n′) ⊕ Ln′,−µ′ |Xi(n′),
i = 1, . . . , n′, where ζi ∈ HomXi(n′) (α
∗Ln,−µ,Ln′,−µ′) restrits to an isomorphism
overXi (n
′)\{xi (n
′)}, and where ci ∈ Γ (Xi (n
′) , α∗Ln,µ). Moreover, it follows from
the denition of S′ and S˜ respetively that the βi's oinide on the overlapsXij (n
′),
i 6= j, if and only if the ζi's glue to a global setion ζ ∈ HomX(n′) (α
∗Ln,−µ,Ln′,−µ′)
suh that g′ ◦ ζ = g¯ + ∂ (c), where ∂ denotes the dierential of the eh omplex
C•
(
U(n′), α
∗Ln,−µ
)
. Summing up, we obtain the following haraterization.
Proposition 2.10. A morphism of DFS's β : S′ → S exists if and only if there
exists a data (α, θ, c) onsisting of:
1) an X-morphism α : X (n′)→ X (n),
2) a setion θ =t ζ ∈ HomX(n′) (Ln′,µ′ , α
∗Ln,µ) suh that Supp (θ) ⊂ δ
−1
n′ (x0),
3) a ohain c ∈ C0
(
U(n′), α
∗Ln,µ
)
suh that θ (g′) = g¯ + ∂ (c).
Furthermore, β is an isomorphism if and only if α and θ are.
Example 2.11. Given a DFS S = W
(
U(n),Ln,−µ, g
)
, there exists an integer
h0 ≥ max (µi), depending on g and µ, suh that for every h ≥ h0, x
hs−µ is
a regular setion of Ln,−µ dening an homomorphism of OX(n)-modules θµ,h :
Ln,µ → OX(n) with the property that θµ,h (g1j) ∈ Γ
(
X1j (n) ,OX(n)
)
extends to a
setion σj of OXj(n) for every j = 2, . . . , n. By (2.10), the data (δn, θµ,h, σ), where
σ = {σ1 = 0, σj}j=2,...,n ∈ A
n
, orresponds to a morphism of DFS's ψ : S → A1X .
Additive group ations on Danielewski-Fieseler surfaes. As a torsor, a
DFS π : S = W
(
U(n),Ln,−µ, g
) ρ
−→ X (n)
δn→ X omes equipped with an ation
mn,µ : V (Ln,−µ)×X(n)S → S of the line bundle V (Ln,−µ). Every nonzero setion
s ∈ Γ (X (n) ,Ln,µ) gives rise to a morphism of group shemes φs : Ga,X(n) →
V (Ln,−µ), whene to a nontrivial ation
ms = mn,µ ◦ (φs × Id) : Ga,X(n) ×X(n) S
φs×Id
−→ V (Ln,−µ)×X(n) S
mn,µ
−→ S
of the additive group Ga,X by means of X (n)-automorphisms of S.
Proposition 2.12. Every nontrivial Ga,X-ation on S appear in this way.
Proof. A onneted omponent of π−1 (x0) is invariant under a Ga,X -ation. There-
fore, a Ga,X -ation on S lifts to a Ga,X(n)-ationm : Ga,X(n)×X(n)S → S. In turn,
this ation restrits on S |Xi(n)≃ V (Ln,−µ) |Xi(n) to a Ga,Xi(n)-ation mi. Thus
there exists a nonzero setion si ∈ Γ (Xi (n) ,Ln,µ) ≃ HomXi(n)
(
Ln,−µ,OXi(n)
)
suh that the orresponding group o-ation is indued by the OXi(n)-modules ho-
momorphism (Id⊗ 1 + si ⊗ T ) : Ln,−µ |Xi(n)→ S (Ln,−µ) |Xi(n) ⊗OXi(n)OXi(n) [T ] .
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Clearly, these ations oinide on the overlaps Xij (n) if and only if the si's glue to
a setion s ∈ Γ (X,Ln,µ) suh that m = ms. 
Corollary 2.13. A DFS π : S → X admits a free Ga,X-ation if and only if its
anonial sheaf is trivial.
Proof. By onstrution, the anonial sheaf of S = W
(
U(n),Ln,−µ, g
)
is isomorphi
to ρ∗nLn,−µ. It is trivial if and only if Ln,−µ is. On the other hand, the disussion
above implies that S admits a free Ga,X -ation if and only if Ln,µ ≃ L
∨
n,−µ is
trivial. 
3. Danielewski-Fieseler surfaes and labelled rooted trees
Here we give a ombinatorial desription of DFS's by means of labelled trees.
To state the main result of this setion, we need the following denition.
Denition 3.1. A relative Danielewski-Fieseler surfae with base (A, x) is a mor-
phism S =
(
ψ : S → A1X
)
of DFS's with base (A, x). A morphism of relative DFS 's
is a morphism of DFS's β : S′ → S suh that ψ′ = ψ ◦ β.
This setion is devoted to the proof of the following result.
Theorem 3.2. The ategory
−→
D(A,x) of relative DFS's with base (A, x) is equivalent
to the ategory T(A,x) of (A, x)-labelled rooted trees.
In the following subsetions, we onstrut an equivalene of ategories in the form
of a ovariant funtor S : T(A,x) →
−→
D/(A,x).
DFS's dened by labelled rooted trees. Given an (A, x)-labelled tree γ =
(Γ, σ) with the leaves e1,m1 , . . . , en,mn , we let µ = µ (γ) = (µi = h−mi)i=1,...,n ∈
Zn≥0, where h = h (Γ) denotes the height of Γ. Sine µi ≤ h for every i = 1, . . . , n,
the multipliation by the regular setion xhs−µ of Ln,−µ denes an homomorphism
θµ,h : Ln,µ = L
∨
n,−µ → OX(n) restriting to an isomorphism over δ
−1
n (X∗). We
let g (γ) ∈ C1
(
U(n),Ln,µ
)
be the unique oyle suh that θµ,h (g (γ)) = ∂ (σ) ∈
C1
(
U(n),OX(n)
)
. If n = 1, then the sheme πγ : S (γ) = W
(
U(n),Ln,−µ, g (γ)
)
→
X orresponding to this data is isomorphi to A1X . Otherwise, if n ≥ 2, then, by
(1.5), the transition funtions g˜ij = x
µigij = x
−mi (σj − σi) ∈ Ax and g˜ji have
a pole at x0. Thus S (γ) is a DFS by virtue of (2.8). The morphism of DFS's
S (γ) =
(
ψγ : S (γ)→ A
1
X
)
dened by the data (δn, θµ,h, σ) is alled the anonial
morphism assoiated with γ. The following result ompletes the rst part of the
proof of theorem (3.2).
Proposition 3.3. Every relative DFS is isomorphi to S (γ) for a suitable tree γ.
Proof. A morphism of DFS's S =
(
ψ : S = W
(
U(n),Ln,−µ, g
)
→ A1X
)
is given by
a data (δn, θ = aθµ,h, σ), where a ∈ A
∗
and h ≥ max (µi), suh that θ (g) = ∂ (σ).
If n ≥ 2 then mi = h − µi ≥ 1 for every i = 1, . . . , n. Indeed, otherwise there
exists an indie i for whih θ indues an isomorphism θi : Ln,µ |Xi(n)
∼
→ OXi(n).
Thus, for every j 6= i, gij ∈ Γ (Xij (n) ,Ln,µ) extends to a setion of Ln,µ |Xi(n) as
θ (gij) = σj |Xi(n) −σi |Xi(n)∈ Γ
(
Xij (n) ,OX(n)
)
extends to a setion of OXi(n).
This implies that S |Xi(n)∪Xj(n) is a trivial torsor, in ontradition with (2.9).
For the same reason, dij = ordx0 (σj − σi) < min (mi,mj) for every i 6= j. Sine
min (dij , dik) = min (dij , djk) for every triple of indies i, j and k, we dedue from
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(1.7) that the data
(
n, (mi)i=1,...,n , (dij)i,j=1,...,n , σ
)
orresponds to an (A, x)-
labelled tree γ = (Γ, σ). Finally, the data
(
IdX(n), aIdLn,−µ , 0
)
denes an iso-
morphism of DFS's φ : S
∼
→ S (γ) suh that ψγ = ψ ◦ φ
−1 : S (γ)→ A1X . 
Corollary 3.4. Every DFS is X-isomorphi to S (γ) for a suitable tree γ.
Proof. Indeed, by (2.11), every DFS S admits a morphism of DFS'sS =
(
ψ : S → A1X
)
.

Example 3.5. Given three integers r ≥ 0, m ≥ 1 and n ≥ 1, we onsider an
(A, x)-labelled tree γ = (Γr,m,n, σ) with the following underlying tree
Γr,m,n =
r
m
n
Sine there exists b ∈ A and a ohain σ˜ ∈ An suh that σi = b + x
rσ˜i for every
i = 1, . . . , n, the orresponding DFS πγ : S (γ)→ X is obtained by gluing n opies
Spe (A [Ti]) of A
1
X by means of the Ax-algebras isomorphisms
Ax [Ti]
∼
−→ Ax [Tj] , Ti 7→ x
−m (σ˜j − σ˜i) + Ti, i 6= j.
Sine σ˜j − σ˜i ∈ A \ xA for every i 6= j, the loal setions σ˜i + x
mTi ∈ A [Ti],
i = 1, . . . , n, glue to a global one s1 ∈ B = Γ
(
X, πγ∗OS(γ)
)
whih distinguishes
the irreduible omponents of π−1γ (x0). Letting P =
∏n
i=1 (y − σ˜i) ∈ A [y], the
rational setion x−mP (s1) ∈ B⊗AAx extends to a regular setion s2 ∈ B, induing
a oordinate funtion on every irreduible omponent of π−1γ (x0). By onstrution,
the A-algebras homomorphism A [y, z] → B, y 7→ s1, z 7→ s2 denes a losed
embedding φ : S (γ) →֒ A2X = Spe (A [y, z]) whih indues an X-isomorphism
between S (γ) and the surfae
π : SP,m = Spe (A [y, z] / (x
mz − P (y))) −→ X.
In this oordinates, the anonial morphism ψγ : S (γ) → A
1
X is given as the
restrition on SP,m of the X-morphism A
2
X → A
1
X , (y, z) 7→ x
ry + b.
Morphism of DFS's dened by a morphism labelled rooted trees. Given
two (A, x)-labelled trees γ′ = (Γ′, σ′) and γ = (Γ, σ), we equip the orresponding
DFS's S (γ′) = W
(
U(n′),Ln′,−µ′ , g
′
)
and S (γ) = W
(
U(n),Ln,−µ, g
)
with their
anonial morphisms ψγ′ and ψγ respetively. By (1.4), the image of a leaf e
′
i,m′i
of Γ′ by a morphism of (A, x)-labelled tree τ : γ′ → γ is a leaf ej(i),m(j) of Γ
suh that m′i ≥ mj(i), and σ
′
i − σj(i) ∈ x
mj(i)A for every i = 1, . . . , n′. Letting
α : X (n′) → X (n) be the unique X-morphism suh that α (xi (n
′)) = xj(i) (n)
for every i = 1, . . . , n, we onlude that the invertible sheaf α∗Ln,−µ is isomor-
phi to Ln′,−ν , where ν =
(
µj(i)
)
i=1,...,n′
∈ Zn
′
≥0. The multipliation by the
regular setion xh(Γ
′)−h(Γ)sν−µ′ ∈ Γ (X (n
′) ,Ln′,ν−µ′) denes an homomorphism
of OX(n′)-modules θ : Ln′,µ′ → α
∗Ln,µ ≃ Ln′,ν suh that θµ′,h′ = α
∗θµ,h ◦ θ.
By onstrution, there exists a unique ohain σ′′ ∈ C0
(
U(n′),Ln′,ν
)
suh that
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α∗θµ,h (σ
′′) =
{
σ′i − σj(i)
}
i=1,...n′
∈ C0
(
U(n′),OX(n′)
)
. Sine α∗θµ,h restrits to an
isomorphism over δ−1n′ (X∗), we onlude that θ (gσ′ (γ
′)) = gσ (γ) + ∂ (σ
′′), where
gσ (γ) ∈ C
1
(
U(n′),Ln′,ν
)
denotes the image of α∗gσ (γ) ∈ C
1
(
α−1U(n), α
∗Ln,µ
)
by
the restrition maps between eh omplexes. By (2.10), the data (α, θ, σ′′) denes
a morphism of DFS's βτ : S (γ
′)→ S (γ) suh that ψγ′ = ψγ ◦ βτ , i.e. a morphism
βτ : S (γ
′) → S (γ) in
−→
D(A,x). We say that βτ is the morphism of relative DFS's
dened by τ : γ′ → γ.
Example 3.6. We onsider the blow-down τe : γ
′ → γ of the leaves at e between
the following (k [x] , x)-labelled trees γ′ = (Γ′, σ′) and γ = (Γ, σ).
1
e
x −x
−1 1
e 0
−1
γ′ γ
τe
We let s′1 ∈ B
′ = Γ
(
X, (πγ′)∗OS(γ′)
)
and s1 ∈ B = Γ
(
X, (πγ)∗OS(γ)
)
be the se-
tions orresponding to the anonial morphisms ψγ′ : S (γ
′)→ A1X = Spe (k [x] [y])
and ψγ : S (γ) → A
1
X respetively. By (3.5), S (γ) is isomorphi to the surfae
S =
{
xz − y
(
y2 − 1
)
= 0
}
⊂ A2X = Spe (k [x] [y, z]) via the embedding indued by
the k [x]-algebra homomorphism k [x] [y, z] 7→ B, (y, z) 7→
(
s1, s2 = x
−1s1
(
s21 − 1
))
.
A similar argument shows that S (γ′) is isomorphi to the Bandman and Makar-
Limanov surfae S′ ⊂ A3X = Spe (k [x] [y, z, u]) with equations
xz − y
(
y2 − 1
)
= 0, yu− z
(
z2 − 1
)
= 0, xu−
(
y2 − 1
) (
z2 − 1
)
= 0,
via the embedding indued by the k [x]-algebras homomorphism k [x] [y, z, u]→ B
(y, z, u) 7→
(
s′1, s
′
2 = x
−1s′1
(
(s′1)
2
− 1
)
, s′3 = x
−1
(
(s′1)
2
− 1
)(
(s′2)
2
− 1
))
In these oordinates, the morphism βτe : S (γ
′) → S (γ) dened by the blow-down
τe oinide with the restrition of the projetion A
3
X → A
2
X , (x, y, z, u) 7→ (x, y, z).
3.7. The orrespondene γ 7→ S (γ), (τ : γ′ → γ) 7→ S (τ) = (βτ : S (γ
′)→ S (γ))
denes a ovariant funtor S : T(A,x) →
−→
D(A,x). It follows from (3.3) that S is
essentially surjetive. The following result shows that S is fully faithful, whene
ompletes the proof of theorem (3.2).
Proposition 3.8. Every morphism β : S (γ′) → S (γ) oinides with a unique
morphism βτ dened by a morphism of (A, x)-labelled trees τ : γ
′ → γ.
Proof. By (2.10), β is determined by a data (α, θ, σ′′) suh that α (xi (n
′)) =
xj(i) (n), i = 1, . . . , n
′
, θµ′,h = α
∗θµ,h ◦ θ, σ
′ = α∗σ + α∗θµ,h (σ
′′), and suh that
θ (gσ′ (γ
′)) = α∗gσ (γ) + ∂ (σ
′′) ∈ C1
(
U(n′), α
∗Ln,µ
)
.
Sine α∗Ln,µ is isomorphi to Ln′,ν , where ν =
(
µj(i)
)
i
∈ Zn
′
≥0, we onlude that
θ is the multipliation by xh
′−hsν−µ′ ∈ Γ (X (n
′) ,Ln′,ν−µ′). Thus m
′
i ≥ mj(i) and
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σ˜′′i = α
∗θµ,h (σ
′′
i ) ∈ x
h−µj(i)A = xmj(i)A for every i = 1, . . . , n′. Therefore, the
formulas
Γ′i ∋ e
′
i,k 7→ τi
(
e′i,k
)
= ej(i),min(k,mj(i)) ∈ Γj(i), i = 1, . . . , n
′ k = 0, . . . ,m′i,
(see (1) for the notation) dene a olletion of morphisms of trees τi : (Γ
′
i, σ
′
i) →(
Γj(i), σj(i)
)
in T(A,x). Moreover, we dedue that
(2) ordx0 (σ
′
i′ − σ
′
i) =
{
ordx0
(
σ˜′′i′ − σ˜
′′
i
)
≥ mj(i) if j (i) = j (i
′)
ordx0
(
σj(i′) − σj(i)
)
otherwise
.
Sine σ′ and σ are ompatible with Γ′ and Γ respetively, (2) guarantees that the
onditions of (1.8) are satised. Thus there exists a unique morphism τ : γ′ → γ
in T(A,x) suh that τ |γ′i= τi for every i = 1, . . . , n
′
. By onstrution, β = βτ . 
Corollary 3.9. For every morphism of DFS's β : S′ → S there exist a morphism
of (A, x)-labelled trees τ : γ′ → γ and a ommutative diagram
S′
β
//
≀φ′

S
φ≀

S (γ′)
βτ
// S (γ)
Proof. One a morphism of DFS's ψ : S → A1X is hosen (see (2.11)),
(
ψ : S → A1X
)
and
(
ψ′ = ψ ◦ β : S′ → A1X
)
are objets of
−→
D(A,x), whereas β : S
′ → S orresponds
to morphism in
−→
D(A,x). So the result follows from (3.3) and (3.8). 
Reading isomorphism lasses of Danielewski-Fieseler surfaes from trees.
To deide when two DFS's are X-isomorphi, we have the following riterion.
Theorem 3.10. Two (A, x)-labelled trees dene X-isomorphi DFS's if and only
if they are equivalent (see (1.11) for the denition).
Proof. We rst observe that if γ′ = (Γ′, σ′) is an essential labelled subtree for
γ = (Γ, σ) then the DFS's S (γ) and S (γ′) are X-isomorphi. Indeed, there exists
m ∈ Z≥0 and b ∈ A suh that mi = m
′
i + m and σi = b + x
mσ′i for every i =
1, . . . , n. Thus µ (γ′) = µ (γ) = µ ∈ Zn≥0, g (γ) = g (γ
′) ∈ C1
(
U(n),Ln,µ
)
, and
so, S (γ) ≃ S (γ′). Therefore, it sues to prove the assertion for DFS's dened
by essential labelled trees γ = (Γ, σ) and γ′ = (Γ′, σ′). If γ and γ′ are equivalent
then h = h (Γ) = h (Γ′) and there exists a permutation j of {1, . . . , n} suh that
µ′i = µj(i) for every i = 1, . . . , n. Moreover, there exist a pair (a, b) ∈ A
∗ × A
and a ohain σ˜ = {σ˜i}i=1,...,n ∈ A
n
suh that σ′i = aσj(i) + b + x
mj(i) σ˜j(i) for
every i = 1, . . . , n. Letting σ′′ = {σ′′i = σ
′
i − b}i=1,...,n, the same argument as
above shows that S (γ′) is X-isomorphi to the DFS dened by the labelled tree
γ′′ = (Γ′, σ′′). Thus, by replaing S (γ′) by S (γ′′) if neessary, we an suppose
from now on that b = 0. We let α ∈ AutX (X (n)) be the unique X-automorphism
suh that α (xi (n)) = xj(i) (n), and we let c ∈ C
0
(
U(n), α
∗Ln,µ
)
be the unique
ohain suh that θµ′,h (c) =
{
a−1xmj(i) σ˜j(i)
}
i=1,...,n
. Sine Ln,µ′ ≃ α
∗Ln,µ and
a−1g (γ′) = α∗g (γ) + ∂ (c), we onlude that the data
(
α, aIdLn,µ′ , c
)
denes an
isomorphism of DFS's β : S (γ′)
∼
→ S (γ). Conversely, an X-isomorphism β : S′ =
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S (γ′)
∼
→ S = S (γ) exists if and only if the trees γ and γ′ have the same number n
of leaves, and there exists a data
(α, θ, c) ∈ AutX (X (n))× IsomX(n) (Ln,µ′ , α
∗Ln,µ)× C
0
(
U(n), α
∗Ln,µ
)
suh that θ (g (γ′)) = α∗g (γ)+∂ (c). By replaing S by the X-isomorphi DFS α∗S,
we an suppose that α = IdX(n). We an also suppose that h
′ = h (Γ′) ≥ h = h (Γ).
Then Ln,µ′ and Ln,µ are isomorphi if and only ifm
′
i = h
′−µ′i = h−µi+m = mi+m
for somem ∈ Z≥0. The identity θ (g (γ
′)) = g (γ)+∂ (c) is satised if and only there
exist a pair (a, b) ∈ A∗×A suh that σ˜i := σi+ θµ,h (ci) = ax
mσ′i+ b ∈ A for every
i = 1, . . . , n. By denition, θµ,h (ci) ∈ x
miA ⊂ xA for every i = 1, . . . , n. Moreover,
sine Γ is essential, there exist i 6= j suh that σj − σi ∈ A \ xA. Thus m = 0, and
so ordx0 (σj − σi) = ordx0
(
σ′j − σ
′
i
)
for every i 6= j. Letting σ˜ = {σ˜i}i=1,...,n, we
onlude that the trees γ′ and γ˜ = (Γ, σ˜) are equivalent. This ompletes the proof
as γ and γ˜ are isomorphi, whene equivalent. 
Example 3.11. The following (k [x] , x)-labelled trees γt = (Γ, σt), where t ∈ k,
γt =
1 + tx
0
dene a family of DFS's πt : St = S (γt) → X = Spe (k [x]). A similar argument
as in (3.5) shows that St is X-isomorphi to the ber pr
−1
v (t) of the threefold
prv : X ⊂ Spe (k [x] [y, z, u, v])→ Spe (k [v]) with equations
xz − y (y − 1) = 0, yu− z (z − v) = 0, xu− y (z − v) = 0.
These DFS's St are two by two non X-isomorphi as the trees γt are two by two
nonequivalent. However, there are all isomorphi as abstrat shemes. Indeed, a
similar argument as in (4.6) below shows that there exists a projetive surfae S¯t,
obtained from the Hirzebruh surfae p¯1 : F1 = P (OP1 ⊕OP1 (−1)) → P
1
k by rst
blowing two distint points y1, y2 ∈ F0 = p¯
−1
1 (0) with exeptional divisors E and F ,
and then blowing-up a point y3 ∈ E \F
′
0, and an open embedding of St in S¯t as the
omplement of the union of the strit transforms of E, F0, F∞ = p¯
−1
1 (∞) and of a
setion C of p¯1 'at innity'. By suessively blowing-down the strit transforms of
C, F0 and E, we realize St as the omplement in F1 of a setion Dt of p¯1 with self-
intersetion
(
D2t
)
= 3. By a result of Gizatullin-Danilov [8℄, the isomorphism lass
of F1 \D as an abstrat sheme does not depend on the hoie of a setion D suh
that
(
D2
)
= 3. Therefore, the surfaes St, t ∈ k, are all isomorphi. Sine they are
not X-isomorphi, we dedue that a surfae S ≃ F1 \D as above omes equipped
with a family qt : S → Xt of strutures of DFS over dierent bases Xt ≃ A
1
k, t ∈ k,
suh that the general bers of qt and qt′ do not oinide whenever t 6= t
′
.
4. Danielewski-Fieseler surfaes and affine modifiations
Here we exploit the struture of rooted trees to give another desription of mor-
phisms of DFS's. As a onsequene, we obtain a anonial proedure to onstrut
an open embedding of a DFS π : S → X into a projetive X-sheme π¯ : S¯ → X .
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Morphisms of Danielewski-Fieseler surfaes as ane modiations. In
what follows, we freely use the results about ane modiations, referring the
reader to [11℄ for omplete proofs. However, we reall the following denition.
Denition 4.1. Suppose we are given an ane sheme V = Spe (B), a nonzero
divisor f ∈ B an an ideal I ⊂ B ontaining f . The proper transform Dprf of
div (f) in V¯ = Proj (B [It]) is the set of prime ideals p ∈ V¯ suh that ft ∈ p. The
ane sheme V ′ = V¯ \ Supp
(
Dprf
)
≃ Spe (B [It] / (1− ft)) is alled the ane
modiation of V with the lous (I, f).
Denition 4.2. A morphism of DFS's β : S′ → S is alled a bered modiation
if there exist an (A, x)-labelled tree γ′ = (Γ′, σ′), a blow-down τe′ : γ
′ → γ of the
leaves at a ertain e′ ∈ Γ′ (see (1.9) for the denition) and a ommutative diagram
S′
β
//
≀

S
≀

S (γ′)
βτ′e
// S (γ)
4.3. Consider a blow-down τe′ : γ
′ → γ of the leaves e′1, . . . , e
′
r at e
′ ∈ Γ′. For
every e′i ∈ Leaves (Γ) \ {e
′
1, . . . , e
′
r}, ej(i) = τe′ (e
′
i) is a leaf of γ
′
, and τe′ restrits to
an isomorphism of labelled hains (↓ e′i)γ′
∼
→
(
↓ ej(i)
)
γ
. Therefore, the morphism
βτe′ : S
′ = S (γ′) → S = S (γ) indues isomorphisms S′ |Xi(n′)
∼
→ S |Xj(i)(n)
between the orresponding open subsets of S′ and S respetively. On the other
hand, the image of the labelled subtree γ (e′) = (↓ e′)γ′ ∪ ChΓ′ (e
′) of γ′ by τe′
is the subtree
(
↓τe′(e′)
)
γ
of γ. By (3.5), there exists an X-isomorphism between
S˜ = S′ |X1(n′)∪···∪Xr(n′) and a DFS SP = Spe (A [y, z] / (xz − P (y))) for a ertain
polynomial P ∈ A [y] of degree r whose residue lass P¯ ∈ A [y] /xA [y] ≃ k [y]
has r simple roots. In this oordinates, the restrition β : S˜ → S |Xj(i)(n)≃ A
1
X
oinides with the rst projetion py : SP → A
1
X = Spe (A [y]). Therefore, S˜ is
isomorphi to the ane modiation of A1X with lous (I, f) = ((x, P (y)) , x). Sine
(x, P (y)) is a regular sequene in A [y], the Rees algebra A [y] [It] is isomorphi
to A [y] [u, v] / (xv − P (y)u) via the map u 7→ xt, v 7→ P (y) t. Therefore, the
proper transform Dprx = {xt = u = 0} of the line L = div (x) ⊂ A
1
X by the blow-
up morphism β¯ : S¯P = ProjA (A [y] [It]) → A
1
X oinides with the usual strit
transform L′ of L. This leads to the following desription.
Proposition 4.4. Given a bered modiation β : S′ → S, there exists a unique
irreduible omponent C of π−1 (x0) suh that β
(
β−1 (C)
)
is supported at a 0-
dimensional losed subsheme Y ⊂ C. Letting β¯ : S¯′ → S be the blow-up of Y
equipped with its redued struture, S′ is isomorphi to the omplement in S¯′ of the
strit transform of C, and the irreduible omponents of (π′)
−1
(x0) ontained in
β−1 (C) oinides with the intersetions of the exeptional divisors of β¯ with S′.
As a onsequene of (1.10) and (3.2), we obtain the following result.
Theorem 4.5. Every morphism of Danielewski-Fieseler surfaes fators into a
nite sequene of bered modiations followed by an open embedding.
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Loal ompletions of Danielewski-Fieseler surfaes. In this subsetion, we
onstrut open embeddings of a DFS π : S → X into projetive X-shemes π¯ :
S¯ → X . Our proedure oinides with the one of Theorem 2 in [7℄ in ase that
π : S → X is dened over C.
4.6. Given a DFS π : S = S (γ) → X dened by an essential (A, x)-labelled tree
γ, we onsider a fatorization of the anonial morphism ψγ : S = Sm → A
1
X = S0
into a sequene of bered modiations βk : Sk → Sk−1, k = 1, . . . ,m. We embed
S0 in the P
1
-bundle π¯0 : S¯0 := P
1
X → X as the omplement a setion C ≃ X 'at
innity'. For every k = 1, . . . ,m, we let β¯k : S¯k → S¯k−1 the blow-up morphism
orresponding to the bered modiation βk : Sk → Sk−1. By onstrution, the
morphism ψγ lifts to an open embedding of S into π¯ : S¯ = S¯m → X . We denote
by Ej ≃ P
1
k, j ∈ J , the irreduible omponents of π¯
−1 (F0) dierent from the strit
transform F ′0 ≃ P
1
k of F0 = p¯
−1
0 (x0) and the losures C¯e ≃ P
1
k, e ∈ L (Γ), of the
irreduible omponents of π−1 (x0). Sine for every k = 1, . . . ,m, the enter of the
blow-up β¯k : S¯k → S¯k−1 is ontained in the losure D¯k−1 ≃ P
1
k in S¯k−1 of a unique
irreduible omponent of β¯−1k−1 (F0) ∩ Sk−1, we onlude that Bk = S¯k \ Sk is the
strit transform of Bk−1 ∪ D¯k−1. Therefore, the dual graph of the SNC-divisor
Supp
(
π¯−1 (x0)
)
= (Bm \ C′) ∪
⋃
e∈L(Γ)
C¯e
oinides with the underlying tree Γ of γ. Sine the tree Γ is essential by assumption,
we onlude that
(
F ′20
)
= −Card (ChildΓ (e0)) 6= −1 , whereas
(
E2j
)
≤ −2 for every
urve Ej ⊂ S¯, j ∈ J . This leads to the following result.
Proposition 4.7. A DFS π : S = S (γ)→ X with base (X, x0) dened by a labelled
tree γ = (Γ, σ) admits an open embedding i : S →֒ S¯ into a regular projetive X-
sheme π¯ : S¯ → X with the following properties.
a) π¯ restrits to a trivial P1-bundle over X∗ = X \ {x0}.
b) The ber S¯x0 = π¯
−1 (x0) is a redued SNC-divisor whih does not ontain
(−1)-urves meeting at most two other omponents transversally in a single point.
) The irreduible omponents of S¯x0 are isomorphi to P
1
k.
d) The dual graph of S¯x0 and S¯x0 \ i (Sx0) are isomorphi to the underlying tree
Γ′ of an essential tree for Γ and to the subtree subtree Γ′ \L (Γ′) of Γ′ respetively.
5. Danielewski surfaes
We reall (2.1) that a Danielewski surfae is a DFS with base (k [x] , x), where
k denotes a eld of arateristi zero. As a onsequene of (1.6) and (3.2), the
ategory
−→
D(k[x],x) of relative Danielewski surfaes is equivalent to the ategory T
k
w
of ne k-weighted trees. Therefore, every isomorphism lass in
−→
D(k[x],x) ontains a
anonial objet
(
ψ0 : S0 → A
1
X
)
, onsisting of the anonial morphism of the DFS
π : S0 = S (γw) → X dened by the (k [x] , x)-labelled tree γw obtain from a ne
k-weighted tree by the proedure desribed in (1.6). In this setion, we haraterize
Danielewski surfaes with a trivial Makar-Limanov invariant in ase that the base
eld k is algebraially losed.
Notation 5.1. Throughout this setion, k¯ denotes an algebraially losed eld of
arateristi zero.
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Normal ane surfaes with a trivial Makar-Limanov invariant. The Makar-
Limanov invariant [10℄ of an ane algebrai variety V = Spe (B) over k¯ is the
sub-algebra ML (V ) of B onsisting of regular funtions on V whih are invari-
ant under all Ga,k-ation on V . If ML (V ) = k¯, then we say that V has a triv-
ial Makar-Limanov invariant. It is known that a normal ane surfae surfae S
has a trivial Makar-Limanov invariant if and only if it admits two A1-brations
π1 : S → X1 ≃ A
1
k¯
and π2 : S → X2 ≃ A
1
k¯
with distint general bers. This prop-
erty leads a geometrial riterion for S to have trivial Makar-Limanov invariant.
We reall that a minimal ompletion of S is an open embedding S →֒ S¯ of S into a
normal projetive surfae S¯, nonsingular along B = S¯ \S, suh that B is an SNC-
divisor, with nonsingular urves as irreduible omponents, whih does not ontain
(−1)-urves meeting at most two other omponents transversally in a single point.
In [6℄, the author established that a omplex normal ane surfae S has a trivial
Makar-Limanov invariant if and only if the dual graph of the boundary divisor of
any minimal ompletion of S is a hain. Sine the arguments given in Proposition
2.10 and Theorem 2.16 in [6℄ remain valid over an arbitrary algebraially losed
eld of arateristi zero, we obtain the following more general riterion.
Theorem 5.2. A normal ane surfae S 6≃ Spe
(
k¯
[
x, x−1, y
])
has a trivial
Makar-Limanov invariant if and only if the dual graph of the boundary divisor
of every minimal ompletion of S is a hain. Moreover, if there exists a ompletion
of S with this property, then this also holds for every other minimal ompletion.
Danielewski surfaes with a trivial Makar-Limanov invariant. Here we
apply the general riterion (5.2) to Danielewski surfaes.
Denition 5.3. A omb is a rooted tree Γ suh that Γ \ L (Γ) is a hain. Equiva-
lently, Γ is a omb if every e ∈ Γ \ L (Γ) has at most one hild whih is not a leaf
of Γ. For instane, the tree Γ of Figure 1 is a omb rooted in e0.
For Danielewski surfaes
Theorem 5.4. A Danielewski surfae S/k¯ has a trivial Makar-Limanov invariant
if and only if it is isomorphi to a Danielewski surfae S (γ) dened by an
(
k¯ [x] , x
)
-
labelled omb γ.
Proof. A tree Γ is a omb if and only if its essential subtree Es (Γ) is. Thus, by
(3.10), we an suppose that S = S (γ) for a ertain essential
(
k¯ [x] , x
)
-labelled
tree γ = (Γ, σ). If γ is the trivial tree, then S ≃ A1X ≃ A
2
k has trivial Makar-
Limanov invariant. Otherwise we let p0 : S¯0 = P
1
X¯
→ X¯ , where X¯ ≃ P1X denotes
a nonsingular projetive model of X ≃ A1
k¯
, and we embed S0 = A
1
X into S¯0 as the
omplement of the ample divisor F∞ ∪ C, where F∞ ≃ P
1
k¯
denotes the ber of p0
over ∞ = X¯ \ X , and where C ≃ P1
k¯
is a setion of p0 'at innity'. By applying
the same proedure as in (4.6) to S¯0, we obtain a projetive surfae S¯ and an open
embedding S →֒ S¯ suh that the dual graphG (B) of the boundary divisorB = S¯\S
is isomorphi to the tree obtained from Γ by deleting its leaves and replaing its
root by a hain with three elements orresponding to the strit transforms F ′0, C
′
and F ′∞ of the urves F0 = p
−1
0 (x0), C and F∞. Sine
(
C′
2
)
=
(
F ′∞
2
)
= 0 and(
F ′0
2
)
≤ −2 as γ is essential, we onlude that S¯ is a minimal ompletion of S. So
the statement follows from (5.2) as G (B) is a hain if and only if Γ is a omb. 
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Example 5.5. Let P1, . . . , Pn ∈ k¯ [T ] be a olletion of polynomials with simple
roots, one of these roots, say λi,1 ∈ k¯, 1 ≤ i ≤ n, being distinguished, and let
Ri (T ) = (T − λi,1)
−1
Pi (T ) =
ri∏
j=2
(T − λi,j) , i = 1, . . . , n.
The nonsingular surfae S = SP1,...,Pn ⊂ Spe
(
k¯ [X0, X1, . . . , Xn+1]
)
with equa-
tions

X0Xj+1 =
j−1∏
i=1
Ri (Xi)Pj (Xj) for 1 ≤ j ≤ n
(Xj−1 − λj−1,1)Xl+1 = Xj
l−1∏
i=j
Ri (Xi)Pl (Xl) for 2 ≤ j ≤ l ≤ n
where
∏l−1
i=j Ri (Xi) = 1 if j > l − 1, is a Danielewski surfae with base
(
k¯ [x] , x
)
.
Indeed, S |X∗≃ Spe
(
k¯
[
X0, X
−1
0
]
[X1]
)
whereas the irreduible omponents of the
ber pr−1x (0) are the urves C (λ1,1, . . . , λk,1, . . . , λm−1,j) ≃ A
1
k¯
with equations{
X0 = 0, (Xi = λi,1)i=1,...,m−2 , Xm−1 = λm−1,j
}
m = 1, . . . , n, j = 1, . . . , rm
Moreover, the projetion p′ : S → Spe
(
k¯ [Xn+1]
)
is a seond A1-bration, and so
ML (S) = k¯. In [5℄, we prove that a Danielewski surfae with base
(
k¯ [x] , x
)
has a
trivial Makar-Limanov invariant if and only if it is isomorphi to a surfae SP1,...,Pn .
Corollary 5.6. Given a morphism a Danielewski surfaes β : S′ → S , we let
β : S′ = Sm
βm
→ Sm−1
βm−1
→ · · ·
β1
→ S0
i
→֒ S
be the fatorization of β into a sequene of bered modiations followed by an open
immersion. Then the following hold.
a) If ML (Sk0) = k then this also holds for Sk, 0 ≤ k ≤ k0 − 1.
b) If ML (S) = k then this also holds for S0.
Proof. The Makar-Limanov invariant of Sk0 being trivial, we an suppose that Sk0
is isomorphi to the surfae dened by a
(
k¯ [x] , x
)
-labelled omb γ = (Γ, σ). Then
Sk0−1 is isomorphi to the surfae dened by a omb obtained from γ by blowing-
down the leaves at the unique maximal element e of Γ\Leaves (Γ). Thus Sk0−1 has a
trivial Makar-Limanov invariant by virtue of (5.4), and so, (a) follows by indution.
To prove (b), we an again suppose that S ≃ S (γ) for a ertain
(
k¯ [x] , x
)
-labelled
omb γ = (Γ, σ). Then S0 is isomorphi to the surfae dened by the omb obtained
from γ by deleting a subset N ⊂ Leaves (Γ). 
As a onsequene of the above desription, we reover the haraterization of the
Danielewski surfaes SP,1 = {xz − P (y) = 0} in A
3
k¯
= Spe
(
k¯ [x, y, z]
)
given in [1℄.
Corollary 5.7. For a Danielewski surfae π : S → A1
k¯
, the following are equivalent.
a) ML (S) = k¯ and the anonial sheaf ωS of S is trivial
b) S ≃ S (γ) for a suitable
(
k¯ [x] , x
)
-labelled omb γ of height h ≤ 1.
) S ≃ SP,1 ⊂ A
3
k¯
for a ertain nononstant polynomial P with simple roots.
Proof. By (3.10), we an suppose that S = S (γ) for a ertain essential
(
k¯ [x] , x
)
-
labelled tree γ. The anonial sheaf ωS(γ) is trivial if and only if if and only
if the invertible sheaf Ln,−µ(γ) on X (n) is trivial (see the proof of (2.13)). By
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onstrution, this is the ase if and only if all the leaves of γ are at the same level.
On the other hand, by (5.2), ML (S (γ)) is trivial if and only γ is a omb. Thus (a)
and (b) are equivalent sine an essential omb with all its leaves at the same level
is either the trivial tree or a nontrivial omb of height 1. Finally, (b) and () are
equivalent by virtue of (3.5). 
Cyli quotients of Danielewski surfaes. A losed ber Sz0 of an A
1
-bration
q : S → Z on a normal ane surfae is alled degenerate if it is not isomorphi
to A1k(z0). In [7℄, Fieseler desribes the struture of invariant neighbourhoods of
degenerate bers of a quotient A1-bration q : S → Z = S//Ga,C on a normal
ane surfae S/C with a nontrivial Ga,C-ation. This desription, whih remains
valid for ane surfaes dened over an algebraially losed eld of arateristi
zero, an be reinterpreted as follows.
Proposition 5.8. Let q : S → Z be an A1-bration on a normal ane surfae
S/k¯. If Sz0 = q
−1 (z0) is a degenerate ber of q, then there exist a nite morphism
φ : X → Z ′ = Spe (OZ,z0) totally ramied at the unique point x0 over z0 and a
DFS π : S˜ → X with base (X, x0) equipped with an ation of a yli group Zm
suh that S ×Z Z
′ = S˜/Zm.
Proof. If Sz0 is redued then every irreduible omponent of Sz0 is a onneted
omponent of Sz0 and is isomorphi to A
1
k¯
(see Lemma 1.2 in [7℄). Thus p2 :
S′ = S ×Z Z
′ → Z ′ is already a DFS with base (Z ′, z0). Otherwise, if Sz0 is
irreduible but not redued, say with multipliity m ≥ 2, then, by Theorem 1.7
in [7℄, there exists a Galois overing φ : X → Z ′ of order m, étale over Z ′ \ {z0}
and totally ramied at the unique point x0 over z0, suh that the normalization
S˜ of (S′ ×Z′ X)
red
is a DFS π : S˜ → X , equipped with an ation of the Galois
group Zm of the overing φ suh that S
′ ≃ S˜/Zm. If Sz0 is neither irreduible nor
redued, with irreduible omponents Ci of multipliity mi ≥ 1, i = 1, . . . , n, then
there exist DFS's πi : S˜i → Xi as above suh that S
′
i = (S
′ \ Sz0)∪Ci is isomorphi
to S˜i/Zmi for every i = 1, . . . , n. Letting m be a ommon multiple of the mi's,
these DFS's glue in a similar way as in the proof of Theorem 1.8 in [7℄ to a DFS
π : S˜ → Y , equipped with an ation of Zm suh that S
′ ≃ S˜/Zm. This ompletes
the proof. 
The above desription is loal in nature. However, a similar argument shows that a
surfae S/k¯ equipped with an A1-bration q : S → A1
k¯
with at most one degenerate
ber is isomorphi to yli quotient of a Danielewski surfae. By Proposition
2.15 in [6℄, a normal ane surfae S/k¯ with a trivial Makar-Limanov admits an
A1-bration q : S → A1
k¯
with this property. So we obtain the following result.
Theorem 5.9. A normal ane surfae S/k¯ with a trivial Makar-Limanov invari-
ant is isomorphi to a yli quotient of a Danielewski surfae.
If the orresponding quotient morphism ψ : S′ → S′/Zm ≃ S is étale in odimension
1, then the Danielewski surfae S′ has a trivial Makar-Limanov invariant too (see
e.g. [15℄) . In general this is not the ase, as shown by the following example.
Example 5.10. A similar argument as in (3.5) shows that the Danielewski surfae
with base (C [x] , x) dened by the following labelled tree
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γ =
1
0
−1
is isomorphi to the surfae prx : S
′ → Spe (C [x]) in A4C = Spe (C [x, y, z, u])
given by the equations
xz − y
(
y2 − 1
)
= 0,
(
y2 − 1
)
u− z2 = 0, xu− yz = 0.
It omes equipped a Z2-ation (x, y, z, u) 7→ (−x,−y, z, u). The quotient S/Zm is
isomorphi to the nonsingular surfae S′ ⊂ Spe (C [a, b, c, d, e]) with equations{
ab = c2, ad = (b− 1) c, ae = cd = b (b− 1) ,
ce = bd, (b− 1) e = d2
,
via the quotient morphism φ : S′ → S indued by the ring homomorphism
C [a, b, c, d, e] → C [x, y, z, u] , (a, b, c, d, e) 7→
(
x2, y2, xy, z, u
)
.
Note that φ is ramied along pr−1x (0). Sine γ is not omb, ML (S
′) is not trivial.
On the other hand, S has trivial Makar-Limanov invariant sine it admits two A1-
brations pra : S → Spe (C [a]) and pre : S → Spe (C [e]) with distint general
bers.
Referenes
1. T. Bandman and L. Makar-Limanov, Ane surfaes with AK (S) = C, Mihigan J. Math.
49 (2001), 567582.
2. N. Bourbaki, Algèbre Commutative, Éléments de Maths., vol. 27,28,30,31, Hermann, Paris,
1961-1965.
3. D. Daigle and P. Russell, On log Q-homology planes and weighted projetive planes, To appear
in Canadian J. Math.
4. W. Danielewski, On a anellation problem and automorphism groups of ane algebrai
varieties, Preprint Warsaw, 1989.
5. A. Dubouloz, Embeddings of generalized Danielewski surfaes in ane spaes, (2003), E-print
math.AG/0403208.
6. A. Dubouloz, Completions of normal ane surfaes with a trivial Makar-Limanov invariant,
Mihigan J. Math. 52 (2004), no. 2, 289308.
7. K.H. Fieseler, On omplex ane surfaes with C+-ations, Comment. Math. Helvetii 69
(1994), 527.
8. M.H. Gizatullin and V.I. Danilov, Automorphismes of ane surfaes II, Math. USSR Izvestiya
1 (1977), 5198.
9. A. Grothendiek et al., SGA1. Revêtements étales et Groupe Fondamental, Leture Notes in
Math., vol. 224, Springer-Verlag, 1971.
10. S. Kaliman and L. Makar-Limanov, On the Russel-Koras ontratible threefolds, J. Algebrai
Geom. 6 (1997), 247268.
11. S. Kaliman and M. Zaidenberg, Ane modiations and ane hypersurfaes with a very
transitive automorphism group, Transformation Groups 4 (1999), 5395.
12. L. Makar-Limanov, On groups of automorphisms of a lass of surfaes, Israel J. Math. 69
(1990), 250256.
13. L. Makar-Limanov, On the group of automorphisms of a surfae xny = p (z), Israel J. Math.
121 (2001), 113123.
14. M. Miyanishi and K. Masuda, The additive group ations on Q-Homology planes, Ann. Inst
Fourier 53 (2003), no. 2, 429464.
15. W. Vasonelos, Derivations of ommutative noetherian rings, Math. Z. 112 (1969), 229233.
DANIELEWSKI-FIESELER SURFACES 21
Adrien Dubouloz
Institut Fourier, Laboratoire de Mathématiques
UMR5582 (UJF-CNRS)
BP 74 St Martin d'Hères Cedex, FRANCE
E-mail address: adrien.duboulozujf-grenoble.fr
